The Chinese University of Hong Kong
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MMAT 5340 Homework 10 (No submission required)

1. Consider a Markov chain X = (X,,),>0 with a state space S = {1, 2,3} and the transition

matrix
09 01 O

P=1{01 08 0.1
0 01 09
(a) Show that the Markov chain is irreducible and recurrent.
(b) Find the stationary distribution 7 such that 7/ P = 7.

(c¢) (Not required for Final exam) Let f(z) = z, compute

Y00
n—oo n

Solution

(a) Since P(1,2) = 0.1 = P(2,1) = 0.1 and P(2,3) = P(3,2) = 0.1, then 1 <> 2 and
2 <> 3. We can conclude that any two states in this chain are intercommunicate, so
it is irreducible. Since this chain is finite and irreducible, then it is recurrent.

(b) Let 7 = 7 = (7(1),7(2),7(3)). Solving 77 P = nT is equivalent to solve

09 01 0
[7(1) =(2) «(3)] [0.1 0.8 0.1 =[x(1) =(2) =(3)],
0 0.1 09

which implies
0.97(1) + 0.17(2) = w(1)
0.17(1) + 0.87(2) + 0.17(3) = 7w(2)
0.17w(1) +0.97(3) = 7(3)

It follows that m(1) = w(2) = 7(3), together with (1) + 7(2) = 7(3) = 1 yields
(1) =n(2) =n(3) = %
()
lim M:Zw(x)f(x)zé-ué.uéﬁz

n—oo n
zeSs

2. Consider a Markov chain X = (X,,),>0 with a state space S = Ng = {0,1,2,---} and
P(ZE,ZL‘+1):p, P(:B?O):l_p

for some p € (0, 1).



(a) Find the transition matrix P of X.

(b) Is this Markov chain irreducible or reducible?
Recall that 7} :=inf{n > 1: X,, = z}.

(c) Show that P.[rj = n] := P[r} =n|Xo =] =p"1(1 —p). Compute E,[r}].
(d) Prove that for x > 2
Eo[7;] = Eo[r;_1] + Eo—1[r,]

and
Ey-1[ra] =14 (1 — p)Eo[r,].

Hint: For the first equality, first show that for Vm,n > 1

For the second equality, you may accept that
Pm—l[T; = n] =D 1{n:1} + (1 —p) : 1{n21} 'Po[T% =n— 1].

(e) Optional. Define

Deduce that

and

1
Hint: Compute f(1). Define u(z) := f(z) + 12, then use the result from (d) to

P
deduce u(z) = @. Note that g(z) = Eo[r}] + E[7d].
(f) Check that
@ ==
m(z) = — =
g(x)  Eufrg]

T

is a stationary distribution. Find the stationary probability for x € S.

Solution
(a) ) )
1-p p O 0
1—-p 0 p - 0
P ) L
1—-p 0 O P




(b) Since P(x,0) =1—p >0 for Yz € S, then x — 0.
Letting 0 goes by 0 - 1 — 2 — .- — x — 1 — x with probability p® > 0. Hence
0+ z and i < j for any ¢,j € S, which implies that the chain is irreducible.

()
P.[r} =n] := P[r} = n|X, = 2]
:P(Xn:07Xn—1 #OaXTL—l #07 7X2 %07X1 %O‘X():H?)

n—1

=(1-pp

n=1
A1 p")
= (1 — n=
(1-p) i
d(-= - 1)
=(1-p—7F
p
1
( )(1 —p)?
_ 1
(1-p)
(d) For Vm,n > 1, we have
PO[T%—I = mﬂ':% - Tml—l =n]= PO[T%—I =m] - Polr, — 7'%—1 =n|r,_ = m] (1)
Since

Polry — Tp_1 = nlry_y = m]

=Po[Xmt1 #Zx, s X1 Z &, Xman =2|Xo#x -1, | X1 #F2o— 1, Xy, =2 — 1]
=Po[Xm+1 Z x, s Xngn-1 # T, Xy = 2| X, = — 1]

=P, 1[X1#z,- , Xpo1 # 2, X, =1

=P,1[7, =]

then equation(1) becomes

Hence
Po[7, — Ta}fl =n]= PO[%&A = m,T:,} - 9}71 =]
m>1
= Polry_y =m] -Pp_y[r; =1

it follows that

and



Then we prove the second formula. We consider

7 =n|Xo =1z —1]
:P[;_n\xl_az] P[X; = 2| Xo =z — 1]
1

Then
:ZnIF’z 1. =n
n>1
—p+Zn(1— VPo[1, =n —1]
n=2
—p+z +n—1)(1—p)Po[r} =n—1]
ot -+ > - (- p)Bolrt =0 1]
n=2
:1+Zn Po[7) = n]
=1+ (1 - p)Eo[r,]
(e) Since
Po[ri =n] =Po[Xo=0,--+, X, 1 =0,X, =1] =p(1 —p)"~"
then

f(1) = Eo[ 7'1 an (1- —p(Z(l -

n=1

Set u(z) = f(z) + = 1—,- Note that
flx) = fle=1)+1+ (1 -p)f(z)

then 1
f(z) ];(f(l’—l)Jrl)
and
_ (CE—l) 1:{:—1 _ 1:(:—1 L
u(z) = " —(p) (1) (p) [f(1)+1_p]
IR S B I
—(p) [p 1_p] (p)l_p
Hence 1 1 1 1
f(x)—u(x)—ﬂ:(g)wﬂ—ﬂ
Forxz >1

1 1 1 1
e o
1—p p"1—p 1-p
1 1
= ('
p’ 1—-p



For z = 1, Eg[rj] = lflp. Hnece g(z) = (%

(f) By applying (e), we have
m(z) = p*(1—p),

and
o0

n=1

)xﬁ for all z € S.

pr(z) =7m(x+1)

1

down)=1-p)Y p=0-p)(~+——1).

1—-p

n=0 n=1 n=1
Then
[1—p p O -~ 0
1—-p 0 p - 0
[7(0) (1) m(n) ] f oot =[x(0) w(1)
1-p 00 -+ p -

Therefor 7(x) is a stationary distribution.




